Introduction
Throughout the paper all graphs considered are finite and simple. Let G = (V (G), E(G)) be a graph, we use |V | = |V (G)| and e(G) = |E(G)| to denote its order and size, respectively. The degree of a vertex u is the number of edges incident with it in G, denoted by deg G (u), or deg(u) when no confusion is possible. As usual, △(G) and δ(G) denote the maximum and the minimum degree of G, respectively. The distance dist G (u, v) between vertices u and v is the length of the shortest path in G connecting them. The diameter diam(G) of a graph G is the maximal distance between any two vertices. The complement of G, denoted by G, is a simple graph on the same set of vertices V in which two vertices are adjacent if and only if they are which was introduced by the chemist Wiener in 1947. Its chemical applications and mathematical properties were raised in [3, 13, 16] .
The hyper-Wiener index WW is one of the recently conceived distance-based graph invariants [15] :
where W 2 (G) =  {u,v}∈V (G) dist 2 G (u, v). This index was introduced by Randić and used as a structure-descriptor for predicting physico-chemical properties of organic compounds, often those significant for pharmacology, agriculture, environmental protection and so on. It rapidly gained popularity and numerous results on it were stated in [6] [7] [8] [9] 11] .
Let l be a positive integer not less than 1, and β be a parameter of graph G, to determine the extremal (maximum or minimum) value of
is a fundamental problem in graph theory. The particular case when G = K n attracts much attention on various graph parameters. It was Nordhaus and Gaddum [14] who first initiated such kind of research on chromatic number of graphs for the case when l = 2 and G = K n . They proved that:
where χ denotes the chromatic number of graph G.
Zhang and her co-workers [19] showed that:
Theorem A (Zhang et al. [19] ). Let (G 1 , G 2 ) be a 2-decomposition of K n such that each cell G i is connected. Then for any sufficiently large n, we have
The lower and the upper bounds are sharp.
Later, Li et al. paid their attention to the following for the diameter in [10] . They said:
Theorem B (Li et al. [10] ). Let (G 1 , G 2 , G 3 ) be a 3-decomposition of K n such that each cell G i is connected. Then for any sufficiently large n, we have
The lower and the upper bounds are sharp.
Motivated by Theorems A and B, in this paper, we consider the Nordhaus-Gaddum-type inequality of a 3-decomposition of K n for the hyper-Wiener index. The corresponding extremal graphs are characterized.
Preliminary lemmas
In this section we list or prove some lemmas as basic but necessary preliminaries, which will be used in the subsequent proofs.
Lemma 2.1 (An et al. [1] 
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.
For simplicity, we denote
Then we have the following consequence.
Proof. This result can be verified directly, so we omit the proof here. 
Proof. For simplicity, let
Li et al. [10] proved that the function f (x 1 , x 2 ) takes the maximum value at (x 1 ,
). Here we only need to consider the problem: maximize g(x 1 , x 2 ) subject to x 1 + x 2 = c. By means of Lagrange multiplier [17] , we show that the maximum value of g(
Set the derivative dR = 0, which yields the following system of equations:
Combining the above equations, we have
by easy calculations.
Note that the function g(x 1 , x 2 ) takes the maximum value when
where
This completes the proof of Lemma 2.4.
Lemma 2.5 (An et al. [1]). Let K n be the complete graph with order n and k ≥ 2 any fixed integer. Then for any sufficiently large n with respect to k, there exists a k-decomposition
(G 1 , G 2 , . . . , G k ) of K n such that diam(G i ) = 2 for each i = 1, 2, . . . , k.
Lemma 2.6. Let G be a connected non-complete graph and e be its non-cut-edge. Then
Proof. Let e = uv ∈ E(G), by some computation
and
In a similar way, we have
This completes the proof of Lemma 2.6.
Proof. By contradiction, assume there are at least two cells of
By the Handshaking Lemma, we have
which is a contradiction. This completes the proof of Lemma 2.7.
Upper bounds on hyper-Wiener index
Let S n denote the star with n vertices. Gutman and his co-workers determined trees with minimal and maximal hyperWiener indices in [5] .
Theorem 3.1 (Gutman et al. [5]). Let T be a tree with order n. Then WW
Combining the above theorems, we get: 
Let α ≥ 1 be an integer, the α-transmission of a vertex u, denoted by Tr α (u : G), is the sum of distances from it to all the other vertices in graph G, i.e., Proof. For convenience, let V (T 1 ) = {y 1 , y 2 , . . . ,
. It is easily seen that
On the other hand,
Hence, the contribution from pairs of vertices y i and z j to W 2 (G) equals to the sum:
Thus, we have
Hence,
By Corollary 3.3, we complete the proof as desired.
Next, we will introduce two auxiliary transformations, which increase the WW -value of graphs. Fig. 1 . These two trees differ only in the position of a terminal vertex: in T 2 this terminal vertex is moved from P b -branch to the P a -branch. Note that:
This implies that the transformation T 1 → T 2 increases the hyper-Wiener index. , we obtain a new tree T 3 . By Transformation I, we know that WW (T ) < WW (T 3 ).
Without loss of generality, we assume that T 3 ̸ = T n,d , otherwise we are done. For sake of simplicity, we assume that 1 . By Transformation II, we have that WW (T 3 ) < WW (T 4 ). Whenever the resulting new tree T 4 ̸ = T n,d , we repeat Transformation II again, which increases the hyper-Wiener index strictly, until we will obtain the tree T n,d . This completes the proof.
Before closing this section, we prove the following: 
This completes the proof of Theorem 3.6.
The main result
In this section, we present our main result. 
with right equality if and only G 1 = G 2 = P n , and with left equality if and only diam(G
To complete the proof, we need the following two auxiliary results.
Let G n,d denote the graph with order n and diameter d ≥ 2, and e i (G) the number of pairs of vertices whose distance is i for 1 ≤ i ≤ d in G, thus e 1 (G) is the number of edges of G.
Proof. By the definition of hyper-Wiener index, we have
On the other hand
This completes the proof of Theorem 4.2.
Proof. Without loss of generality, let u be a vertex in G i with maximum degree. We distinguish the following two cases:
, then there exists a vertex w, distinct with u and v, in G k with minimum degree. Thus
This completes the proof of Theorem 4.3.
Proof of Theorem 4.1. Let us firstly prove the upper bound. For sake of simplicity, let
We distinguish the following three cases:
, and then
Hence, for any n ≥ △(G) + 1 ≥ 12, we have
Case 2. There is exactly one cell of
We consider the following two subcases.
By Lemmas 2.1 and 2.7, we have diam(G 3 ) ≤ 2. Then it is obvious that
Let Q(n, G 1 , G 2 ) be the last expression in the above equation. Let T i be a spanning tree of G i , then T i can be obtained from G i by deleting t = m − n + 1 edges in order, say e i1 , e i2 , . . . , e it , of graph G i outside of T i for i = 1, 2. By applying Lemma 2.6 to G i , for 1 ≤ l ≤ t we have
Thus by Theorems 3.1 and 3.2, we have
, thus by Theorem 3.6, .
. Hence, for n > 10, we have 
By Theorem 3.5, we have WW (T n,10 ) ≤ Hence, for n > 36 we have = P (n).
. By Theorem 3.5, for n ≥ 70 we have = P (n).
− 6. By the same arguments as subcase 3.1 and 3.2, the proof can be obtained.
Finally, we consider the lower bound. By Theorem 4.2, we have
This completes the proof of Theorem 4.1 as desired.
Conclusions and open problem
The key contribution of this paper is the following. We introduced the concept of k-decomposition for a graph, and then presented the Nordhaus-Gaddum-type inequality of a 3-decomposition of K n for the hyper-Wiener index. However, exploring the corresponding Nordhaus-Gaddum-type inequality of a k-decomposition is still an open problem for k ≥ 4.
We leave those questions for future research. The lower bound is trivial and is attained by any k-decomposition (G 1 , G 2 , . . . , G k ) of K n with diam(G i ) = 2 for i = 1, 2, . . . , k, this is because WW (G i 
